Finding Low-Rank Functions Using Linear
Layers in Neural Networks

Sue Parkinson

University of Chicago Committee on Computational and Applied Mathematics



Table of contents

1. Background/Motivation
2. Inductive bias
3. Mixed-Variation Functions

4. Summary and Future Work



Background/Motivation



Why do Neural Networks Perform Well?

Theorem (Universal Approximation Theorem for Wide Networks)
Arbitrarily wide neural networks with nonlinear activation functions
can approximate any continuous function arbitrarily well. [4]
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integrable function on an n-dimensional input space w.rt. the L
distance arbitrarily well if depth is allowed to grow arbitrarily. [2]

If width < n, this is no longer true.
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Question
Why does adding layers to a neural network improve performance
in approximating the same function? 3
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- Deep Neural Network:
f(x) = a’ o3(W305(W,o01(Wix — by) — by) — b3) + ¢

- ReLU Networks: o(x) = max(x,0) := [x]+
- ldeally, we could answer why RelLU activation deep neural
networks work as they do

- Simplify by assuming previous layers are linear

L—1
fix)=a" lHW,-x —b| +c
=

+

- Why would this help?
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Setup: Linear Layers

- L — 1 Linear Layers followed by RelLU final layer:

+C

-1
fix)=a’ lH Wix — b
=1

+

- Adding linear layers increase the capacity of a shallow network.
Just reparameterizes it

- When we train with weight decay, reparameterizations can affect
the associated inductive bias, and therefore which Neural
Network is selected
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Inductive bias

Regularized Empirical Risk Minimization Framework

- Parameterization view:

argmln—Z€f9 i) +n o Cu(0)

Regularization

- Function-space view:
N

~ 1

= arg min — L(f(x), Vi) + R
f=argmin g 2 00). v+ RO)
- Regularization

- Weight Decay:

L1
1
argmm—Zﬁ )>Yi) T ||a||§+Z||W/||%
=

Cu(0)
- Inductive bias: What is R, (f)? What kinds of functions will we
learn using regularization penalty R;?



Notation

- f:RI>R
- Neural network parameterizations

0= (W,a,b,c) = (Hwhabc)

- Denote row k in W by wy, and number of ReLU units (i.e. rows in
W) is K
- A generic neural network with parameterization 6:

K
ho(x) =a' Wx—b], +c= a [wy x —be], +¢
h=1

[—
1
R = i CL(0) = I — a 2 Wi 2
0) 9:rfPE,zl>n=f {6) ew)r]:fL I ||2+§| illF



Expressions for R,

Definition (Schatten (Quasi)-Norm)
Given a matrix M,

rank(M) 1/a

Mllso = | > ai(M)°

i=1
This is a norm for g € [1,00] and a quasi-norm for g € (0, 1)

As g — 0, [M||d; — rank(M)

Lemma (Ongie & Willett)

A e = )
RL(f) = G:T(BZ')anZHanz + THWHSZ/(L—w
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Rescaling Invariance

- Observe that VA > 0,
dr
ap [W,TxfthJrc: =% [Angfbk]++c
- Similarly, VA = 0,
a' [Wx—b], +c= (D;1a)T [DAWx — b], + ¢

- Using this rescaling invariance, we get

L- 2/(L-1)
R = erhrgzl)n o Tio3"al + 7IIDAWH52/L )

¢L(W,a)



Expression for &,

Lemma (Ongie & Willett)

o = 2/L
oL(W.a) = inf [[D3"DaW| S,

[ All2=1

Definition (Path Norm)
When L = 2, the infimum in &, can be computed explicitly as

K
a) = lag/l|wel:
k=1

and

= il Z |G| || W |2-

S_l?'l

This is sometimes called the path norm. [3]



Bounds for &,

Lemma (P & Ongie & Willett)

K 2/L
IDaW|[Z}, < ((W,a) < rank(DaW) T (Z |ak|||wk||z>
k=1
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Mixed-Variation Functions

Definition

A function fis a mixed-variation function if f(x) = f(Psx) Vx where
Ps is the projection onto a subspace S. The subspace S of smallest
dimension satisfying the above is called the active subspace of f.
The rank of fis the dimension of the active subspace.

- V an orthonormal basis for S = Ps=VWT
- f(x) = g(V"x) for some function g : R" — R
- Vfthat can be represented as a two-layer neural network,

rank(f) = m(zi)n rank(DaW)
0:hy’=f



Function-Rank Bound on R,

Lemma (P & Ongie & Willett)

) L=2
min [|DaWI[Z/f; < R(f) < rank(f) T Ra(f)"/"
0:hy’=f



Gradient Covariance Matrix

Fix a probability distribution p on RY. The gradient covariance
matrix of a function fis

G = E, [VA)VA)T]



Gradient Covariance Matrix

Fix a probability distribution p on RY. The gradient covariance
matrix of a function fis

G :=E, [VAX)VAxX)T]

- rank(f) = rank(Cy)

- If C=VAVT is an orthonormal eigendecomposition, then V is a
basis for the active subspace.



Single/Multi-Index Model Approach

1. Estimate Active Subspace V, e.g. the top r eigenvectors of some
empirical estimate of ¢

2. Estimate g in lower-dimensional space
3. Estimated function is f(x) = §(VTx)

Adding linear layers to a neural network effectively does all of this
at once, and adaptively chooses dimension of active subspace.



Singular Values of C; & Mixed-Variation Norm

Let oi(f) == a,-(CV ). Variance of directional derivative associated with

eigenvector | of Cr.

1/q
rank(f)
Il = 1€/l = (Z amq)

Definition

=1

Lemma (P & Ongie & Willett)
L
ity < Re(f)



Singular Values of Trained Neural Networks

Let
fL:i=arg mfin Ru(f) st f(x;) =y, V.

If a rank-r Neural Network interpolant ff of the data exists, then let

Ra(f7)

inf; ||j\(L||/VIV,oo.

Then

. B (L=1)/2
or(f) <V¢AL1)—1>
af) k



Summary and Future Work




Linear layers = Approximate rank penalty

19



Linear layers = Approximate rank penalty = Better Generalization??
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Preliminary Empirical Results

Test MSE v Training Size

r=1 r=2 r=20
10* 4 E 4
1071 4 1 1
w
%)
=
E 1073 4 1 1
1075 4 | ]
= L=2,slope= —1.34 = L=2,slope= —1.33 = L=2,slope= —1.28
= L=4,slope= —1.95 = L=4,slope= —1.79 = L=4,;slope= —1.06
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Training Size
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Questions?
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