Depth Separation in Learning
via Representation Costs

Suzanna Parkinson, Ph.D. Candidate
University of Chicago
Committee on Computational and Applied Mathematics

Brigham Young University Applied Math Seminar
February 15, 2024

https.//arxiv.org/abs/2402 08808



Are deeper neural networks

better at learning?

https.//arxiv.org/abs/2402 08808



What is learning?

Inductive reasoning: Learning broad

eneralizations from examples

Examples

Cat



What is learning?

Inductive reasoning: Learning broad

generalizations from examples

Examples




What is learning?

Inductive reasoning: Learning broad

generalizations from examples

Examples




What is learning?

Inductive reasoning: Learning broad

generalizations from examples

Examples




What is learning?

Inductive reasoning: Learning broad

generalizations from examples

Examples




What is learning?

Inductive reasoning: Learning broad

generalizations from examples

Examples




What is learning?

Inductive reasoning: Learning broad

generalizations from examples

Examples




What is learning?

Inductive reasoning: Learning broad

generalizations from examples

Examples New Test Question

277



What is learning?

Inductive reasoning: Learning broad

generalizations from examples

Examples New Test Question

Cat



What is learning?



What is learning?

* There is some true underlying distribution over & X %

X ~ Y
y = f(x)



What is learning?

e There is some true underlying distribution over & X %

X ~ Y
y = f(x)




What is learning?

e There is some true underlying distribution over & X %

X ~ Y
y = f(x)

L
* Receive m training examples/samples § = {(x;, )}, € (X X )"



What is learning?

e There is some true underlying distribution over & X %

X ~ Y
y = f(x)

L
* Receive m training examples/samples § = {(x;, )}, € (X X )"



What is learning?

e There is some true underlying distribution over & X ¥
X ~ Y
y = f(X)

e Receive m training examples/samples § = {(Xi,yi)};?ll (X XY)"

e Consider a set of possible models g : & — % € &€ — Model class



What is learning?

e There is some true underlying distribution over & X ¥
X ~ Y
y = f(X)

L
* Receive m training examples/samples § = {(x;, )}, € (X X )"

» Consider a set of possible models g : & - % € ¢ —Modelclass @ = {|inear separators}



What is learning? ® Dog|

O
O
e There is some true underlying distribution over & X ¥ ° O
X ~ Y o ®
y = f(x) ~ e

* Receive m training examples/samples § = {(x,, Yi)}?l1 e (XL XY)" Cat'
» Consider a set of possible models g : &' - % € ¥ —Modelclass ¢ = {l|inear separators)

e Use alearningrule & : (I X %)" — & to choose a model based on
the training samples



What is learning? ® Dog|

®
O
e There is some true underlying distribution over & X ¥ ° O
X ~ Y o ®
y = f(x) ‘ e

* Receive m training examples/samples § = {(x,, Yi)}?l1 e (XL XY)" Cat'
» Consider a set of possible models g : &' - % € ¥ —Modelclass ¢ = {l|inear separators)

e Use alearningrule & : (I X %)" — & to choose a model based on
the training samples

* Ex: Try to minimize sample loss:
m

1
A(S) € argmin L (g) := — Z (8(X,°) ~ yz')z

geEZ n -
=1



What is learning? ® Dog|

O

e There is some true underlying distribution over & X ¥ o O
X ~ Y " ®

y = f(x) ¢ e

* Receive m training examples/samples § = {(x,, Yi)}?l1 e (XL XY)" Cat'
» Consider a set of possible models g : &' - % € ¥ —Modelclass ¢ = {l|inear separators)

e Use alearningrule & : (I X %)" — & to choose a model based on
the training samples

d(S) = green line

* Ex: Try to minimize sample loss:
m

1
A(S) € argmin L (g) := — Z (8(Xi) ~ yi)z

geEZ n -
=1



What is learning? ® Dog|

®
O
e There is some true underlying distribution over & X ¥ o O
X ~Y o @
y = f(x) ¢ e

* Receive m training examples/samples § = {(x,, Yi)}?l1 e (XL XY)" Cat'
» Consider a set of possible models g : &' - % € ¥ —Modelclass ¢ = {l|inear separators)

e Use alearningrule & : (I X %)" — & to choose a model based on
the training samples

d(S) = green line

* Ex: Try to minimize sample loss:
m Z(d(S)) =0

1
A(S) € argmin L (g) := — Z (8(Xi) ~ yi)z

geEZ n -
=1



What is learning?




What is learning?

+ Ideally Z(S) = f




What is learning?

+ Ideally Z(S) = f

* Or at least the generalization error/expected loss

s small.

L y(A(3)) =

o | (S - 1))




What is learning?

+ Ideally Z(S) = f

* Or at least the generalization error/expected loss

s small.

L y(A(3)) =

o | (S - 1))

L ((S)) >0



What is learning?

e Ideally A(S) = f

e Or at least the generalization error/expected loss
: -
Lo A(S)) = Eyug | (L(S)X) = f(x))

LAH(S)) > 0

s small.

* Since we only train on finitely many samples and we're using a
limited model class, the best we can hope for is to be Probably
Approximately Correct (PAC).
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Probably Approximately Correct (PAC) Learning

Definition: The output of a learning rule & trained with m samples is
(e,0)-Probably Approximately Correct if with probability 1 — 6 over the training
samples § = {(X;,y;)}._,, the generalization error is less than &:

LAAS)) < €.

't our learning rule & gives a model that is (&, 0)-Probably
Approximately Correct using m(e, ) samples, then we say
that we can learn with sample complexity m(e, 0).
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* We often end up with error bounds like this:

Zz @(&7(5)) < glél; ZL5(g) +2sup | Ls(g) — L 5(8) ]

g . geyg
Generalization A > " } -
Error ppr:mma o Estimation
rror
(expected loss) Error

o Approximation error: Controlled using Universal Approximation Theorems. Need existence of
one good approximator g € ¥. Hornik (1991), Shen et al. (2022)

« Estimation error: Controlled using size of &, as measured by VC-dimension, Rademacher

complexity, metric entropy, etc. Vapnik & Chervonenkis (1971), Bartlett & Mendelson (2001),
Neyshabur et al. (2015),
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Neural Networks
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“Representation Cost”

What kinds of functions have small representation cost?

How does the representation cost depend on depth (L)?

Can understanding representation costs across different depths help us
understand gaps in learning capabilities?
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In lots of deep learning problems, bigger seems to be better

# parameters vs. classification error

EfficientNet-B/

-
An.w'oglqauebﬁu- “““ AmoebaNet-C
. »
_»” NASNetA ...~  SENet

o0
S

.
' ResNeXt-101

>
o0 ,/’. .++*  Inception-ResNet-v2
7
“  Xception
8 oResNgt-152

Imagenet Top 1 Accuracy (%)

:_l

100x more parameters p

SRR than data points n
NAbNtzl-A

- r— = ResNel-34
I M , G E [\J . T “' ‘."'l z’n m x]) H’Il 1-_3n liﬂ l«';u 1,;».)
. N L

Number of Parameters (Millions)

Inception-ResNet-v2, 50-60 million parameters

Slide Credit: Rob Nowak https:/ai.googleblog.com/
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What it we measure model size in
terms of norm of parameters

instead of number of parameters?

Bartlett 1996, Neyshabur, Tomioka & Srebro 2015
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Key: Choose fso that...

Large representation cost with depth
RelLU

Input
x[1] ./ Output Small representation cost with depth 3
X2 . ‘f(ﬁ(x) Rel U RelLU

x[3 .\

Y




Depth Separation: df that is “hard” with depth 2 but "easy" with depth 3

PrOOfSketCh: . Sawtooth Function ¢, (t), n =
. X ~ Unif(S™1 x S, f(x) = ys, (\/Z’(X(l), X(2)>) 05-
* Aslight modification of Daniely (2017) construction for depth o
separation in width to approximate e
* Daniely showed that networks need to be very wide to A1 o § .
approximate tunctions that are compositions of a function that is ii :\ 70 ¢

very non-polynomial with an inner-product

* Naturally approximated by a depth 3 network...

* The inner product can be approximated with first hidden layer

» Sawtooth function can be expressed exactly with second hidden

layer
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x[1] o/ x
x[2] @ e
Proof Sketch: “"Hard” with A3 o\ : /

e With probability 1 — 6, a depth Z interpolant of the
samplesfexists with Rz(f) < O(| S\z)

LN+ R < ZLAF) + LR(F)

AN 2
Ry( ) S Ry(f) = O(]S|7) L ) + AR ( ) < LR,(f)

o If Ry( ) < 24D then Zo( )y > 10~ Ax Ry ) < LRy(f)

* Therefore, & g( ) > 10~* unless | S| = 29D



Depth Separation: df that is “hard” with depth 2 but "easy" with depth 3

Proof Sketch: "Easy” with of;(S) € arg min £ (g) + A3R;(2)

8EN 3

f. of depth 3 with Z,(f,) < €/2 and Rx(f,) < poly(d)

« Because of how we choose 4, we get Ry(</5(5)) < Rx(f,) < poly(d)

Ly(d4(8) L Inf  ZLglg)+2 sup | ZL(g) —ZLy(9)]
- g _ R3 (&) SPOIY(CZ) R3 (2) Spo]y(d)

Generalization Error N _

=~

—_—

(expected loss) Estimation Error

 Rademacher complexity analysis: If Ry(g) < poly(d), then with probability 1 — 9,

log 1/6
| Z5(8) — Z(8)| < pO‘y(d)\/

| S]
Neyshabur et al. 2015
* Theretore, £, (,(5)) < € as long as

| S| = poly(d)e~*log(1/5)



No Reverse Depth Separation: f “easy” with depth 2 = "easy” with depth 3

Key:

Small representation cost with depth

RelLU

Input

x[1] ./ \ Output = Small representation cost with depth 3
2] @ e/
0\

x._ -

x[3

N




No Reverse Depth Separation: f “easy” with depth 2 = "easy” with depth 3
Proof Sketch: o
g

o |f learns with polynomial sample complexity, 3f, of depth 2 such that
Zo(f.) < el2 and Ry(f.) < poly(d,e™).

* Ry(f) = O (d+Ry(f,)) < poly(d,e™)

» Because of how we choose 1, we get Ry(+/4(S5)) < Ry(f.) < poly(d, ™)

L o(A5(S)) < inf Lo(g) +2 sup | ZL(8) — L5(8) ]
—————  Rs@)<polyde™) Ry(g)<poly(d.e™)

| - -4
=~

Generalization Error b ~
(expected loss) Estimation Error

* Therefore, using similar Rademacher complexity analysis, & ,,(%/5(5)) < € as
long as | S| = poly(d, e Hlog(1/5)



Functions that are “easy” to learn with depth 2 networks
form a strict subset of functions that are “easy” to learn
with depth 3 networks.

Easy with depth 2




Open Questions & Extensions

* Depth separation between other depths— 3 vs. 4?7 Deeper?
* Other architectures beyond MLPs? CNNs, ResNets, etc.?

* We've implicitly assumed that we're close to global minima of our objective. How does
optimization and the loss-landscape affect learning at different depths?
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